We extend the twisted gauge theory model of topological orders in three spatial dimensions to the case where the three spaces have two dimensional boundaries. We achieve this by systematically constructing the boundary Hamiltonians that are compatible with the bulk Hamoltonian. Given the bulk Hamiltonian defined by a gauge group G and a four-cocycle ω in the fourth cohomology group of G over U (1), a boundary Hamiltonian can be defined by a subgroup K of G and a three-cochain α in the third cochain group of K over U (1). The boundary Hamiltonian to be constructed must be gapped and invariant under the topological renormalization group flow (via Pachner moves), leading to a generalized Frobenius condition. Given K, a solution to the generalized Frobenius condition specifies a gapped boundary condition. We derive a closed-form formula of the ground state degeneracy of the model on a three-cylinder, which can be naturally generalized to three-spaces with more boundaries. We also derive the explicit ground-state wavefunction of the model on a three-ball. The ground state degeneracy and ground-state wavefunction are both presented solely in terms of the input data of the model, namely, {G, ω, K, α}.
Introduction
Systems bearing intrinsic topological orders in two [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and three [15, [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] spatial dimensions have received substantial attention recently because they not only have greatly expanded and deepened our understanding of phases of matter but also have practical applications, in particular certain 2-dimensional topologically ordered systems can support topological quantum computation [5, 30] . Celebrated candidates of two-dimensional topological phases include chiral spin liquids [2, 31] , Z 2 spin liquids [32] [33] [34] , Abelian quantum Hall states [35] [36] [37] , and non-Abelian fractional quantum Hall states [38] [39] [40] [41] [42] .
Although three is our physical spatial dimension, our understanding of three-dimensional topological orders is far behind that of the two-dimensional ones. Moreover, candidates of three-dimensional topological orders are still missing. Recent works also shows that three-dimensional topological orders are related to quantum gravity [43, 44] . It is therefore demanding and interesting to study theories and models of three-dimensional topological orders. Symmetry considerations have led to the twisted gauge theory (TGT) model that describes and classifies a large class of three-dimensional topological orders [19, 21] . The TGT model is an exactly solvable lattice Hamiltonian extension of the (3 + 1)-dimensional Dijkgraaf-Witten topological gauge theory with general finite gauge groups on a lattice. The TGT model is specified by a Hamiltonian H G,ω defined on a triangulation of a 3-manifold, where G is a finite gauge group, and the usual gauge transformation is twisted by a U (1) 4-cocycle ω ∈ H 4 [G, U (1)], the fourth cohomology group of G. This model however cannot handle the situation where the 3-manifolds have boundaries, whereas realistic materials-in particular in three dimensions-mostly do have boundaries.
When boundaries are present, the Hamiltonian of the model should contain boundary terms too. For the model to be able to describe topological orders with gapped boundaries 1 , we only consider the boundary terms that can render the boundaries gapped. Such boundary terms may affect the spectrum of the model in two aspects. First, the topologically protected ground state degeneracy (GSD) of a topological order may be modified due to its gapped boundary conditions. Second, different gapped boundary conditions correspond to different sets of bulk excitations condensing at the boundaries [45] [46] [47] [48] [49] . These two aspects had been an open problem of topological orders in two and three dimensions. Until only recently these two problems in two-dimensions have been solved for Abelian topological orders [50] and for general, non-Abelian topological orders [48, 51, 52] but are still open for three-dimensions.
More broadly, on the one hand, a dynamical theory incapable of handling boundary conditions is not a complete dynamical theory. Therefore, the TGT model is yet a complete dynamical model on open three-manifolds. On the other hand, the bulk and boundary relation in light of anyon condensation (in any dimensions [49] ) offers a new perspective of of holographic principle, which may shed new light on the AdS/CFT correspondence. 2 Recently, there has been a couple works [49, [53] [54] [55] dealing with the boundary theories of topological orders in two and higher dimensions. They either take an algebraic approach [49, 53] , or studies a particular interesting example [55] , or focusing on symmetry (protected) enriched topological orders [54] . Nevertheless, we shall generalize the systematic approach of exactly solvable Hamiltonian developed by two of us in Refs. [52, 56, 57] , where the twisted quantum double model and the string-net model of two-dimensional topological orders are extended to include boundaries. In this paper, we extend the threedimensional TGT model to include boundaries. We shall restrict the boundary degrees of freedom in the extended TGT model to take value in K ⊆ G. We then add to the original TGT Hamiltonian compatible boundary terms that depend on K and a 3-cochain α ∈ C 3 [K, U (1)]. Studying this extended TGT model leads to the following main results.
We extend the TGT bulk Hamiltonian by a local boundary Hamiltonian with boundary degrees of freedom being in a subgroup (not necessarily a proper one) of the gauge group in the bulk. The local operators in boundary Hamiltonian are constructed in terms of a 3-cochain of the boundary subgroup. The boundary local Hamiltonian needs to be exactly solvable to make sure that the model describes gapped boundaries. The boundary Hamiltonian should also be compatible with the bulk Hamiltonian, such that the ground states are invariant under topology-preserving mutation of triangulation both in the bulk and on the boundary. These requirements will result in what we call the generalized Frobenius condition (as a generalization of the two-dimensional version [52] ) that dictates the gapped boundary conditions.
Our extended Hamiltonian has the advantage that enables us to write down an explicit ground-state wavefunction of our model on a 3-ball and a closed-form formula for the GSD on a 3-cylinder, both are cast in terms of the input data of the model only, namely, {G, ω, K, α}. We show a couple of examples.
The paper is organized as follows. Section 2 briefly reviews the TGT model. Sections 3 and 4 systematically constructs the boundary Hamiltonian. Section 5 derives the explicit ground-state wavefunction of our model on a 3-ball. Section 6 deduces the closed-form formula of the ground state degeneracy (GSD) of our model on a 3-cylinder. The Appendices include a basic introduction to group cohomology and certain details too much to appear in the main text.
Review of the TGT mode
Here we briefly review the TGT model of topological orders on closed 3-manifold. The TGT model is defined by a low-energy effective Hamiltonian H G,ω on a triangulation Γ (see Fig.1 ) of a closed, orientable, 3-manifold, e.g., a 3-sphere and a 3-torus. Each edge ab from vertex a to vertex b in Γ is graced with a group element [ab] ∈ G, rendering the Hilbert space of the model consists of all possible configurations of the group elements on the edges of Γ. Namely, elements on the edges can be considered as the discretized gauge field of the underlying Dijkgraaf-Witten topological gauge theory. The graph is oriented with an arbitrary ordering of the vertices 3 , such that each edge is arrowed from its larger vertex to the smaller and that [ab] = [ba], where the overline denotes the group inverse. A vertex ordering is called an enumeration [11] and does not affect the physics as long as the relative order of the vertices persists when the graph mutates. A graph Γ mutates via the 3-dimensional
Pachner moves [58, 59] , seen in Eq. (2.2).
The mutation of Γ turns Γ into a different graph Γ ′ and hence alters the total Hilbert space of the model. Nevertheless, as shown in Ref. [11] , the topological properties of the topological order described by the model H G,ω do not change because mutations cannot alter the topology of the surface. For simplicity, we neglect drawing the group elements on the edges but keep only the vertex labels. We may also refer to abc as a 2-simplex, abcd as a 3-simplex, and [abcd] as a 3-cocycle on the tetrahedron . On any part of Γ that resembles Fig. 2(a 
A normalized 4-cocycle is a particular representative that satisfies the normalization condition
and the 4-cocyle condition
wherev i means removing the point v i . We take this notation in order to figure out easily the triangles required to be flat (defined in Eq. (2.7)) when we use Pachner moves. To make sure all the elements multiplication is allowed, one need to check if all the triangles
. Shown in Ref. [11] , each 4-cocycle defines a 3-dimensional topological order and the choice of the normalized 4-cocycle as the representative is merely a convenience that does not affect the physics. A graph like Fig. 2(a) has an associated 4-cocyle whose orientation determined as follows. One first reads off a list of the vertices from any of the four tetrahedra of the defining graph of the 4-cocycle, e.g., the v 2 v 3 v 4 v 5 from Fig. 2 Fig. 2(a) , one has the 4-cocycle Fig. 2(b) .
The Hamiltonian of our model reads
where B f are the face operators defined on the triangular faces f , and A v are the vertex operators defined at the vertices v. The operator B f acts on the face f in a basis state vector as 
. In other words, if B f = 1 on a face f , the three group elements on the three edges of f are related by a chain rule:
for any enumeration v 1 , v 2 , v 3 of the three vertices of the face f . The chain rule (2.7) is physically known as the flatness condition in the sense that the gauge connection along the edges of a triangular face is flat. The operator A v acting on a vertex v is an average
over the operators A g v specified by a group element g ∈ G acting on the same vertex. 
where on the RHS, the new enumerations are in the order 4 , satisfying the following flatness conditions.
(2.10) Now imagine to put together the two tetrahedra before and after the action of A g v 4 as two spatial slices connected by the 'temporal' edge v ′ 4 v 4 , which is not shown, we obtain a 4-simplex. This is a picture of time evolution, which motivates us to attribute the amplitude of A g v 4 to an evaluation of the 4-simplex. This amplitude is naturally given by the 4-cocycle associated with the 4-simplex (recall our earlier discussion). That is,
The 4-cocycles appearing on the RHS of Eq. (2.11) are understood from Fig. 3 . This figure illustrates the time evolution of the graph due to the action of A g v 4 . To define 
We then have the following definition of ǫ( 
is the sign of the permutation that takes the list of vertices in the argument to purely ascending 
where the sum runs over all the conjugacy classes of G and Z A,B ⊂ G is the centralizer of both A and B.
Unlike 2+1-dimensional TQD models on a torus, the ground states and quasi-excitations don't remain in one-to-one correspondence for 3 + 1-dimensional TGT models on a 3-torus. 
The TGT model with boundaries
We now try to extend the TGT model reviewed above to one that is defined on a 3-dimensional space with boundaries (see Fig. 4 for an example). We do not distinguish multiple boundaries from a single boundary that has multiple components.
Let us consider a portion of boundary graph shown in Fig. 5 with three boundary vertices 1, 2, 3. There is a boundary plaquette f = 123 with all the three edges on the boundary. We first need to specify the degrees of freedom living on the boundaries. Since we require the boundaries to be gapped for the topological GSD to be well defined, the boundary degrees of freedom would naturally arise from those in the bulk. To be precise, consider a single boundary ∂Γ of a graph Γ, if the bulk degrees of freedom take value in a finite group G, the degrees of freedom on ∂Γ take value in a subgroup K ⊆ G. As in the (2 + 1)-dimensional cases, K is allowed to be the trivial subgroup {1} and G itself too. If Γ has M boundaries ∂ 1 Γ, ∂ 2 Γ, . . . , ∂ M Γ, the subgroups K 1 , K 2 , . . . , K n ⊆ G are not necessarily the same or different. Having set up the boundary degrees of freedom, we can now propose the Hamiltonian of the TGT model with multiple boundaries:
where H G,ω is the bulk Hamiltonian (2.5), and the rest are the boundary terms to be explained in order. An operator B K f acts on a boundary plaquette f and is defined as in the example below.
otherwise. An operator C K l projects the degrees of freedom on the boundary edge l into the subgroup K, namely,
Also all the boundary plaquette operators and boundary edge operators are projectors with the definition above.
Similar to a bulk vertex operator, a boundary vertex operator A K v imposes a gauge transformation on the group elements on the edges incident at the boundary vertex v:
where the ordering 0 < v < 2 < 3 is assumed, and 0 is a bulk vertex. We relabeled the vertex v by v ′ , so that the new group elements on the edges after acting
, which are defined by the following chain rules: [23] , k) now reads graphically and algebraically as 
We apply the 4-cocycle condition
to simplify Eq. (3.8) and obtain the following constraint:
where all the group variables involved take value in the subgroup K.
Let us temporarily define a function f : 4 , which can be shown graphically as 10) or algebraically as
The Consequently, given a 4-cocycle ω ∈ H 4 [G, U (1)], a subgroup K ⊆ G that allows solutions of the 3-cochain α ∈ C 3 [K, U (1)] to the generalized Frobenius condition defines a class of physical boundary conditions, each for a solution. In the next section, we shall show that the set of solutions of α actually are in one-to-one correspondence with the 3-cocyles in H 3 [K, U (1)]. Therefore, a permissible subgroup K ⊆ G and a 3-cocyclẽ α ∈ H 3 [K, U (1)] defines a physical boundary condition for a given bulk theory defined by
Apart from the proof above, we need also to check the commutator between the boundary and bulk vertex operators and show that A K v is a projector. These calculations would not result in any further constraints on our model. We thus leave them to Appendix B.
One-to-One correspondence between 3-cochain and 3-cocycle
We now prove the claim we made in the previous section that given a K ⊆ G, the 3-cochain solutions α ∈ C 3 [K, U (1)] to the generalized Frobenius condition (3.11) 
For future convenience, we denote this set of 3-cochains that specify all possible boundary conditions for a given K ⊆ G by Λ K . This establishes the claimed one-to-one correspondence. Now the question is whether two pairs (ω, α) and (ω ′ , α ′ ) , where ω, ω ′ ∈ H 4 [G, U (1)] and α, α ′ ∈ Λ K , give rise to the same topological order with the same boundary condition. We shall report elsewhere the answer to this question. We refer the readers to Ref. [60] for the answer to the version of this question for the TQD model of 2 + 1-dimensional topological orders with boundaries.
Ground state wavefunctions on a 3-ball
In this section, we derive the explicit ground-state wavefunctions of the TGT model on a 3-Ball.
Since here we are interested in ground states only, we can restrict our concern to the subspace H B f =1 and the boundary degrees of freedom being all in certain subgroup K ⊆ G. Moreover, to guarantee the ground states, the bulk 4-cocycle ω and the boundary 3-cochain α must meet the generalized Frobenius condition (3.11) .
Before deriving the formula of ground state wavefunction on a generic triangulation, let us consider the simplest triangulation of a 3-Ball Fig. 6 . All the relevant degrees of freedom are on the boundary edges and thus take value in K. Flatness reduces the number of independent degrees of freedom to 3, and we can choose them to be h = [12] , k = [23] , l = [34] . In this case, the ground-state wavefunction Φ 0 is simply the DijkgraafWitten partition function with all the bulk degrees of freedom integrated out. So, the result is merely the 3-cocycle associated with the tetrahedron in Fig. 6 . Namely, Now we consider a more complicated configuration as illustrated in Fig. 7 with a bulk vertex 0. Instead of using Dijkgraaf-Witten partition function, we take a different strategy to obtain the ground-state wavefunction by finding the function that have an invariant form under the action of A k v operators. This method is very effective for the special case where the vertices on the boundary bound a tetrahedron and are all connected to the single bulk vertex directly. Now the ground-state wavefunction consists of the associated 4-cocycle and 3-cochain: It's easy to check that the wavefunction (5.2) is indeed invariant under the action of ground state projector P 0 . For example, we check how (5.2) transforms under the action
where following 4-cocycle condition and generalized Frobenius condition are used.
[
gx, x, h, k][gx, hk, l][g, h, k, l] [gx, x, h, kl][x, h, k, l][gx, xh, k, l]
= 1;
We just discussed examples on two particular triangulations above. In the following we shall derive a generic formula for the ground state wavefunction on a triangulation as in Fig.  8 with one bulk vertex 0 and N boundary vertices v 1 , v 2 , . ..v N . We will take the approach of Dijkgraaf-Witten partition functions. Imagine that the graph Γ in Fig. 8 evolves from an initial graph Γ ′ where the bulk vertex is 0 ′ , while the boundary vertices are the same. The ground-state wavefunction Φ 0 (Γ) would be identified with the Dijkgraaf-Witten partition function of the evolution from Γ ′ to Γ, in which the group element [0 ′ 0] along the temporal edge 0 ′ 0 is integrated out (i.e., summed over in our discrete case). Hence, Φ 0 (Γ) should consist the 4-cocycles and 3-cochains associated with all the 3-simplexes and tetrahedra due to the evolution, with [0 ′ 0] summed over. The result is Eq. (5.4). In the cases where there are more than one bulk vertices, the ground-state wavefunction can be simply obtained from Φ 0 (Γ) by performing bulk Pachner moves, which would modify the 4-cocyles of Φ 0 (Γ) only. We refer the reader to Ref. [21] for the precise algebraic forms of the 3-dimensional Pachner moves.
GSD on a 3-cylinder
On a 3-ball, the fundamental group of boundary and bulk are both trivial. So the GSD of our model on a 3-ball is one. To see how boundary conditions affect the GSD of a (3 + 1)-dimensional topological order, let us consider our model defined on a simple triangulation (see Fig. 9 ) of a 3-cylinder (see Fig. 4 ), where the top and the bottom surfaces are the two boundaries with subgroups K 2 , K 1 ⊆ G. We let g ∈ K 1 and g ′ ∈ K 2 , but k ∈ G. Since we are interested in ground states only, we let all the triangles in Fig. 9 be flat, i.e., we are working in the subspace H B f =1 . Consequently, we have h ′ =khk and g ′ =kgk.
Note that there are only two boundary vertices in Fig. 9 , namely, vertices 1, 2, 3, and 4 are identified, and vertices 5, 6, 7, and 8 are identified. The ground-state projector then reads
Here is an important technical remark. In acting the above operator on the 3-cylinder, An operator A x must act on vertices 1, 2, 3, and 4 individually, as if these vertices are different; the identification of 1, 2, 3, and 4 will be automatically accounted for by the periodic boundary condition and there is only one normalization factor 1 |K 1 | . The same procedure applies to A y on vertices 5, 6, 7, and 8. The GSD on a 3-cylinder is then the trace of P 0 3−cyl : We present the final closed-form of the GSD on a 3-cylinder as follows but leave the tedious derivation to Appendix C.
, (6.3) where , which is trivial when the doubly twisted 2-cocycle is cohomologically trivial.
This result generalizes the GSD of the (2 + 1)-dimensional TQD model on a cylinder. It's easy to see that when G is an Abelian group, The cochain term is simply 1.
Examples:G
Here we consider the TGT model with the gauge group G = Z 2 × Z 2 × Z 2 as an example. We check for each subgroup of G the solutions to the generalized Frobenius condition (3.11) . Note that TGT model with this G yields only Abelian excitations [21] . The 4-th
The generators of the 4-cocycles ω are (here (i, j) = (1, 2), (2, 3) or (1, 3) and (i, j, l) = (1, 2, 3)):
where [x] = x mod 2. Any 4-cocycle ω can be written in terms of the above generators. For example:
where p
III(ijl) ∈ Z 2 are called the topological indices [20, 21] . Table  1 then records the 3-cochain solutions to the generalized Frobenius condition Eq. (3.11) for each generator of the 4-cocycles and each subgroup K ⊆ G.
A A brief introduction to cohomology groups H n [G, U(1)]
We record a few necessary ingredients of the cohomology groups H n [G, U (1) ] of finite groups G in this appendix. 
The n-th cochain group C n [G, U (1)] of G is an Abelian group of n-cochains, i.e., functions c(g 1 , . . . , g n ) : G ×n → U (1), where g i ∈ G. The group product reads c(g 1 , . . . , g n )c ′ (g 1 , . . . , g n ) = (cc ′ )(g 1 , . . . , g n ). The coboundary operator d maps C n to C n+1 , i.e,
where
The series of variables starts at g 0 , and ends at g n−1 . Equation (2.4) offers the example for n = 4. The nilpotency of d, i.e., d 2 c = 1, leads to the following exact sequence:
The images of the coboundary operator, im(d : C n−1 → C n ), form the n-th coboundary group, whose elements are dubbed n-coboundaries. The kernel ker(d : C n → C n+1 ) is the n-cocycle group, whose elements are the n-cochains satisfying the cocycle condition dc = 1. Equation (2.4) is the example for n = 4. The definition of the n-th cohomology group is the quotient group that follows from the exact sequence (A.1):
The group H n [G, U (1)] is Abelian by construction and comprises the equivalence classes of the n-cocyles that differ from one another by merely an n-coboundary. A trivial n-cocycle is one that can be written as a n-coboundary. One can define a slant product that maps c g as follows.
2) The twisted 3-cocycles and the doubly-twisted 2-cocycles we have encountered in the main text are examples of this slant product.
B Some properties about A

K v operators
First, let us prove that A K v is a projector. To this end, we need to show that (Fig. 10) We denote the state vector associated with the graph Γ by |Γ . Without loss of generality, we consider the action of A K v on vertex 1. 
Using the following instances of the 4-cocycle condition (2.4) and the generalized Frobenius condition (3.11) v A k v on the tetrahedra and faces around vertex 1 will always leads to 4-cocyles and 3-cochains that can cancel out by applying the 4-cocycle condition and generalized Frobenius condition, hence arriving at the last equality in Eq. (B.2).
Consider again Fig. 10 , we can also prove the commutativity of bulk and boundary vertex operators. The vanishing of
3)
The 3-cochains on both sides of the equation cancel and are thus neglected. Using the following instances of the 4-cocycle condition (2.4)
Eq. (B.3) turn out to be 
C The derivation of GSD on a 3-cylinder
We derive Eq. (6.3) in this appendix. We first check how the projector acts on the 3-cylinder. To simply the calculation, however, we choose to act the vertex operators involved in the ground-state projector (6.1) on the vertices in Fig. 9 in descending order. We have (C.2) Following Eq. (6.2), the GSD on a 3-cylinder then becomes (C.4) Using the the normalization condition (2.3) and the following instances of the generalized Frobenius condition (3.11),
the GSD can be rewritten as GSD 3 
, where 
